Abstract. For finitely generated modules N M over a Noetherian ring R, we study the following properties about primary decomposition: (1) The Compatibility property, which says that if Ass(M/N ) = {P 1 , P 2 , . . . , Ps} and
Introduction
Throughout this paper R is a Noetherian ring and M = 0 is a finitely generated R-module unless explicitly stated otherwise. Let N M be a proper R-submodule of M . By primary decomposition N = Q 1 ∩ Q 2 ∩ · · · ∩ Q s of N in M , we always mean an irredundant and minimal primary decomposition, where Q i is a P i -primary submodule of M , i.e. Ass(M/Q i ) = {P i }, for each i = 1, 2, . . . , s, unless explicitly mentioned otherwise. Then Ass(M/N ) = {P 1 , P 2 , . . . , P s } and we say that Q i is a P i -primary component of N in M . As a subset of Spec(R) with the Zariski topology, Ass(M/N ) inherits a topology structure. For an ideal I in R, we use (N : M I ∞ ) to denote i (N : M I i ).
Notation 0.1. Let N M be finitely generated R-modules. We use Λ P (N M ), or Λ P if the R-modules N M are clear from the context, to denote the set of all possible P -primary components of N in M for every P ∈ Ass(M/N ).
We know that if P ∈ Ass(M/N ) is an embedded prime ideal, then Λ P (N M ) contains more than one element. (Also see the passage following Theorem 2.2 and the reference to [HRS] .) Suppose that N = Q 1 ∩ Q 2 ∩ · · · ∩ Q s is a primary decomposition of N M such that Q i ∈ Λ Pi for i = 1, 2, . . . , s. Then if we choose a P i -primary submodule Q i of M such that N ⊆ Q i ⊆ Q i for each i = 1, 2, . . . , s, we get a primary decomposition N = Q 1 ∩ Q 2 ∩ · · · ∩ Q s of N M . For example Theorem 1.1 (Compatibility) . Let N M be finitely generated R-modules and
which is necessarily an irredundant and minimal primary decomposition. Definition 0.2. Let N M be finitely generated R-modules and X a subset of Ass(M/N ), say X = {P 1 , P 2 , . . . , P r } ⊆ Ass(M/N ) = {P 1 , P 2 , . . . , P r , P r+1 , . . . , P s }. We say that the primary decompositions of N in M are independent over X, or Xindependent, if for any two primary decompositions, say, In Section 3 we use Artin-Rees numbers to prove the following: Theorem 3.3. Let R be a Noetherian ring, M a finitely generated R-module and I 1 , I 2 , . . . , I t ideals of R. Then there exists a k ∈ N such that for all n 1 , n 2 , . . . , n t ∈ N and for all ideals J ⊂ R,
As a corollary of Theorem 3.3, we have a new proof of the 'Linear Growth' property, which was first proved by I. Swanson [Sw] and then by R. Y. Sharp using different methods and in a more general situation [Sh2] : Corollary 3.4 (Linear Growth; [Sw] and [Sh2] ). Let R be a Noetherian ring, M a finitely generated R-module and I 1 , I 2 , . . . , I t ideals of R. Then there exists a k ∈ N such that for any n 1 , n 2 , . . . , n t ∈ N, there exists a primary decomposition of I M ⊆ Q i for all i = 1, 2, . . . , n rn , where n = (n 1 , n 2 , · · · , n t ) and |n| = n 1 + n 2 + · · · + n t .
Before ending this introductory section, we make the following well-known observations, which is to the effect of saying that primary decompositions are independent over open subsets.
(1) For any ideal I ⊆ R, the intersection I ⊆Pi Q i = (N : M I ∞ ) is independent of the particular primary decomposition of N in M (cf. D. Eisenbud [Ei] , page 101, Proposition 3.13). This means that the primary decompositions of N M are independent over X = {P ∈ Ass(M/N ) | I ⊆ P } and Q X = (N : M I ∞ ). (2) Alternatively, for any multiplicatively closed set W ⊂ R, the intersection
is independent of the particular primary decomposition (cf. D. Eisenbud [Ei] , page 113, Exercise 3.12). That is to say that the primary decompositions of N M are independent over
Compatibility
The main theorem in this section is to show that all the primary components of R-modules N M are totally compatible in forming the primary decompositions of N M .
Theorem 1.1 (Compatibility). Let N M be finitely generated R-modules and
Ass(M/N ) = {P 1 , P 2 , . . . , P s }. Suppose that for each i = 1, 2, . . . , s, Q i is a P i -primary component of N in M , i.e. Q i ∈ Λ Pi (N M ). Then N = Q 1 ∩ Q 2 ∩ · · · ∩ Q s ,
which is necessarily an irredundant and minimal primary decomposition.
Proof. We induct on s, the cardinality of Ass(M/N ). If s = 1, then N = Q 1 and the claim is trivially true. Suppose s ≥ 2. By rearranging the order of P 1 , P 2 , . . . , P s , we may assume that P s is a maximal prime ideal in Ass(M/N ). Since Q i ∈ Λ Pi for i = 1, 2, . . . , s, we can find s specific primary decompositions
where
By Observation 0.3(2) and our assumption on P s , we know that the primary de-
are all primary decompositions of Q X M and in particular
Since the cardinality of Ass(M/Q X ) is s − 1, we use the induction hypothesis to see that
But we already know that Q X = Q (s,1) ∩Q (s,2) ∩· · ·∩Q (s,s−1) by the X-independence of primary decompositions of N M . Hence we have [Bo, Chapter IV] , the notion of primary decomposition is generalized to not necessarily finitely generated modules over not necessarily Noetherian rings. Let R be a (not necessarily Noetherian) ring and M be a (not necessarily finitely generated) R-module. A prime ideal P of R is said to be weakly associated with M if there exists an x ∈ M such that P is minimal over the ideal Ann(x) and we denote by Ass f (M ) the set of prime ideals weakly associated with M (cf. [Bo, page 289 , Chapter IV, § 1, Exercise 17]). We say that an element r ∈ R is nearly nilpotent on M if for any x ∈ M , there exists an n(x) ∈ N, such that r n(x) x = 0 (cf. [Bo, page 267 (M/N ) ). Therefore the proof of compatibility, i.e. Theorem 1.1, also applies to the the case where N M are not necessarily finitely generated R-modules over a not necessarily Noetherian ring R as long as the primary decompositions exist.
Independence over open subsets of Ass(M/N )
Because of the compatibility property, i.e. Theorem 1.1, we have an equivalent statement to the definition of X-independence.
Lemma 2.1. Let N M be finitely generated R-modules and X = {P 1 , P 2 , . . . , P r } ⊆ Ass(M/N ) = {P 1 , P 2 , . . . , P r , P r+1 , . . . , P s }. Then the following are equivalent:
(1) The primary decompositions of N in M are independent over X.
(2) For any Q i and Q i in Λ Pi , where i = 1, 2, . . . , r, the equality
It turns out that the independence observed in Observations 0.3 actually exhausts all the possibilities. Proof. Without loss of generality we assume N = 0.
The "if" part is just Observation 0.3(1). To prove the "only if" part, it suffices to show X is stable under specialization since Ass(M/N ) = Ass(M ) is finite. Let P be an arbitrary prime ideal in X ⊆ Ass(M/N ). All we need to show is that for any P ∈ Ass(M ) such that P ⊂ P , we have P ∈ X.
Say X = {P = P 1 , P 2 , . . . , P t , P t+1 , . . . , P r } such that P i ⊆ P for i = 1, 2, . . . , t and P i ⊆ P for i = t + 1, . . . , r. Let
We first show that the primary decompositions of 0 M P are independent over X P : For any L i ∈ Λ (Pi)P (0 M P ), i = 1, 2, . . . , t, let Q i be the the full pre-image
Then it is easy to see that (
Then the X-independence assumption implies that the primary decompositions of 0 M P are independent over X P = X ∩ Ass(M P ).
Hence by replacing M with M P we may assume that (R, P ) is local with the maximal ideal P and P ∈ X = {P = P 1 , P 2 , . . . , P t } ⊆ Ass(M ). In this case to prove that X is stable under specialization is simply to prove that X = Ass(M ).
Then by Lemma 2.1 the assumption that the primary decompositions of 0 in M are independent over X simply means that
by Krull Intersection Theorem. This forces 0 = Q 1 ∩ Q 2 ∩ · · · ∩ Q t to be a primary decomposition of 0 in M . In particular it means that Ass(M ) = {P = P 1 , P 2 , . . . , P t } = X.
In particular, if P ∈ Ass(M/N ) is not minimal over Ann(M/N ), then the P -primary components of N in M are not unique. In fact, in [HRS] , W. Heinzer, L. J. Ratliff, Jr. and K. Shah showed that if P ∈ Ass(M/N ) is an embedded prime ideal, then there are infinitely many maximal P -primary components of N in M with respect to containment. See [HRS] and their following papers for more information about the embedded primary components.
'Linear Growth' property
In this section we give a new proof of the 'Linear Growth' property using ArtinRees numbers and compatibility. The 'Linear Growth' property was first proved by I. Swanson [Sw] and then by R. Y. Sharp using different methods and in a more general situation [Sh2] .
We first give a definition of Artin-Rees numbers, AR(J, N ⊆ M ), of a pair of finitely generated R-modules N ⊆ M with respect to an ideal J of R. These numbers have been studied in [Hu] , where a set of ideals is considered instead of one single ideal. Definition 3.1. Let N ⊆ M be finitely generated R-modules over a Noetherian ring R and J an ideal of R. We define AR(J,
Theorem 3.3. Let R be a Noetherian ring, M a finitely generated R-module and I 1 , I 2 , . . . , I t ideals of R. Then there exists a k ∈ N such that for all n 1 , n 2 , . . . , n t ∈ N and for all ideals J ⊂ R,
Proof. It is enough to prove the theorem for
That is because if we contract the result for R back to R, we get the desired result. Hence without loss of generality we assume I i = (x i ) is generated by an M -regular element x i ∈ R for each i = 1, 2, . . . , t. The same technique is also used in [Sw] and [Sh2] .
And it also suffices to prove the theorem for one fixed ideal J. The reason is that for every J in R, we have
and, furthermore, there are only finitely many such J to deal with since the set
= k|n| by the same Remark 3.2 applied to the filtration
We prove the theorem by induction on |n| = n 1 + n 2 + · · · + n t . If |n| = 0, the claim is trivially true. Now suppose |n| ≥ 1. By symmetry we assume n 1 ≥ 1. Notice, by the induction hypothesis, that
Therefore, using the definition of integers k, k , k and the fact that
Corollary 3.4 (Linear Growth; [Sw] and [Sh2] ). Let R be a Noetherian ring, M a finitely generated R-module and I 1 , I 2 , . . . , I t ideals of R. Then there exists a k ∈ N such that for any n 1 , n 2 , . . . , n t ∈ N, there exists a primary decomposition of I M ⊆ Q i for all i = 1, 2, . . . , n rn , where n = (n 1 , n 2 , . . . , n t ) and |n| = n 1 + n 2 + · · · + n t .
Proof. Let k be as in Theorem 3.3. By Theorem 1.1 (Compatibility), it suffices to show that for each n ∈ N t and each P ∈ Ass(M/I
So we fix n and P ∈ Ass(M/I 
Although the above intersection may not necessarily be irredundant and minimal, we know that Q 1 is a P 1 = P -primary component of I 
